Fluctuations in light scattering from a finite ensemble of fractal clusters are studied numerically and theoretically. It is shown that, for a wide range of wavelengths and angles, relative fluctuations in the scattered intensity are very close to 1 and do not depend on the number of monomers N in fractal clusters (whereas they are proportional to 1/ͱN for trivial clusters). The relations describing fluctuations in the light scattering are suggested; they can be used to extract important information about properties and parameters of fractal pollutants in the atmosphere.
INTRODUCTION
Optical methods for remote detection and characterization of air pollution have attracted much attention. [1] [2] [3] Most of the optical methods are based on measuring the intensity of scattered light and its angular and spectral dependence 2, 3 and depolarization. 4 Multiwavelength techniques 5, 6 have been used for sensing of polydisperse aerosols. However, the data obtained as a result of such measurements do not provide complete information about the pollution. In this paper we suggest that measurements of fluctuations of the intensity of scattered light can provide additional equations that are necessary to extract the missing parameters.
During the past two decades it has become clear that in many cases the particles of sooty smoke, which is lofted into the atmosphere, possess geometrical properties of fractal clusters. They are built from many hundreds or even thousands of smaller particles (monomers), which aggregate and stick together to form submicron and micron fractal clusters. 2, 3, 7 The average intensity of light scattered from fractal clusters has been investigated, for instance, in Refs. 8 and 9 . It has been shown that the scattered light intensity, I(q), bears information about the fractal dimension, D, of clusters,
where q ϭ k Ϫ kЈ is the transmitted wave vector. One can also use the magnitude of the scattered intensity to find the average density of the scattering material. Though this result is useful, it does not allow one to extract some important parameters of fractal clusters, such as the number of monomers in clusters and the characteristic geometrical size of clusters.
Here we propose to use more subtle measurements, namely, the measurements of the fluctuations of the scattered light. Based on numerical and theoretical results, we show that these fluctuations are much different for scattering from fractal and nonfractal (trivial) clusters and can provide additional information about the nature and the geometry of scattering objects.
All results reported in this paper are based on the mean-field approximation (MFA) described, for example, in Ref. 8 . This approximation is accurate for nonresonant light scattering, which is usually the case for scattering from carbon clusters in the optical region of the spectrum. (Resonant light scattering by fractals was considered in Ref. 10 , and fluctuations of local fields in fractals under resonant excitation were studied in Ref.
11.)
This paper is organized as follows. In Section 2 we review the basic geometrical properties of fractal clusters and describe computer models that we have used for simulation of fractal and trivial clusters. In Section 3 we review the MFA. Our main results for fluctuations of light scattered by mono-and polydisperse ensembles of fractal clusters are presented in Sec. 4 . In Section 5 we compare the results obtained for fractal and nonfractal clusters. Finally, in Section 6 we briefly discuss main results of the paper.
GEOMETRICAL PROPERTIES OF FRACTAL CLUSTERS
In this section we summarize general geometrical properties of fractal clusters and describe computer models that we use for simulation of real soot aggregates in the atmosphere.
A. General Properties
We consider an ensemble of clusters containing N pointlike particles (monomers). One can define a characteristic cluster size in different ways. The radius of gyration, R g , for example, is defined as
where r is the coordinate of a monomer in a cluster, R cm is the coordinate of the center of mass of the cluster, and ͗ ͘ denotes averaging over an ensemble of clusters. Another possible choice for the characteristic size is the rootmean-square distance between monomers, R rms , i.e., ͱ2
times the radius of gyration.
The most simple definition of the fractal dimension D is through the relation between the radius of gyration and the number of particles in a cluster,
where R 0 is a constant of length of the order of the minimum separation between particles. In practice, this relation is not very useful because, in order to calculate D, one needs to build a large number of clusters with different N. A more practical definition for the fractal dimension uses the pair correlation function, p 2 (r), which is an ensemble-average probability density of finding a pair of monomers (belonging to the same cluster) at the distance r from each other:
Hereafter, by R c we imply any of the characteristic cluster sizes, R g or R rms (when it is needed, we specifically refer to R g or R rms ). The constant a appearing in Eq. (3) is N independent but can be different for different classes of fractals. It should be noted that there is no obvious way to relate the constants a and R 0 , since the number of particles lying within the radius of gyration varies from cluster to cluster.
B. Numerical Simulations of Fractal Clusters
In our numerical simulations we used random ensembles of computer-generated fractal clusters. The computer model of cluster-cluster aggregation (CCA) (Ref. 12) well reproduces geometrical properties of real fractal clusters formed in the atmosphere, under the condition that there is no space-fixed center of aggregation and the concentration of the aggregating material is low. These conditions are usually well fulfilled. (For a detailed description of the CCA algorithm see, for example, Ref. 12.) We used the CCA model to build two ensembles of random fractal clusters. The first ensemble was monodisperse and consisted of 40 clusters containing 10,000 monomers each. The clusters were built on a simple cubic lattice with dimension 300 ϫ 300 ϫ 300 and periodic boundary conditions. In the numerical calculations, we used the lattice unit as a unit of length, so that all physical quantities of dimensionality of length (such as a wavelength ) are measured in lattice units.
The values of characteristic cluster sizes for the ensemble were R g ϭ 70.3 and R rms ϭ 99.4. The value of R 0 determined from Eq. (2) and the above value of R g was 0.4.
The size of the lattice was chosen so that the average concentration of monomers is low enough (Ϸ4 ϫ 10 Ϫ4 monomers per site) and the maximum size of clusters is smaller than the size of the lattice. This ensures that the clusters manifest well the fractal morphology, with the correct form of the function p 2 (r) (see Fig. 1 ). The values D ϭ 1.78 and a ϭ 4.12 for the asymptote (3) in Fig. 1 are found from the linear regression. Our result for D is in good agreement with the commonly accepted value of D for CCA clusters.
The second ensemble of clusters that we built was polydisperse and consisted of 100 clusters. The number of particles in clusters was distributed according to the Gaussian probability distribution with the average ͗N͘ϭ 5000 and the dispersion N ϭ ͱ ͗N 2 ͘ Ϫ ͗N͘ 2 ϭ 2000. 13 The dimension of the lattice, L, was adjusted for each cluster according to L(N) ϭ 300(N/10 4 ) 1/D . This provided the same relation between R c and L for all clusters (this relation was also valid for the monodisperse ensemble).
In order to compare results for fractal and nonfractal (trivial) clusters, we also generated an ensemble of random clusters with D ϭ 3. We used the algorithm of randomly close-packed hard spheres (CPHS). In this algorithm, one chooses first a volume to be occupied by a cluster. In our simulations, it was a sphere since we intended to build clusters that are spherically symmetric, on average. Then monomers are randomly placed inside the volume. At each step the intersection condition is checked: If the newly placed monomer approaches any of the previously placed monomers closer than the unit distance, this step is rejected and the next random position is tried. In this way each monomer can be thought of as a hard sphere of radius 1/2. The procedure stops when a large number of tries is consequently rejected. In our simulations this number was chosen to be 2 ϫ 10 7 . This algorithm allows one to achieve a fairly dense package. As the volume to be occupied by a cluster, we chose a spherical volume with radius 14.2 and consequently packed in it 40 different clusters with an average of 9200 monomers per cluster. The volume fraction occupied by particles (of the volume /6 each) was Ϸ0.40. (For comparison, it is Ϸ0.52 in the case of a simple cubic lattice and can be even lower for some other types of lattice.) In these clusters the minimum distance between neighbor monomers was very close to 1; the maximum distance varied from 1.2 to 1.3. Although the CPHS clusters were not completely monodisperse, the variation of N was very small: The ratio of the standard deviation of N to the mean was equal to 2.4 ϫ 10 Ϫ3 .
REVIEW OF THE MEAN-FIELD APPROXIMATION
The results presented below are based on the MFA applied first by Berry and Percival for the description of optical properties of fractals. 8 The main feature of the MFA to be used below is the assumption that the phases of dipole moments of all monomers coincide with the phases of the incident wave. In this section we briefly review the MFA and recapitulate the important relations that will be used in subsequent sections.
A. Formulation of the Mean-Field Approximation
Consider a cluster of N small polarizable spherules (monomers) located in space at points r i (i ϭ 1, . . ., N). For simplicity, we assume that all the particles are identical and possess a scalar dipole polarizability ␣. The cluster is irradiated by a plane monochromatic wave,
which induces dipole momenta d i in each particle. A theoretical basis for building the MFA involves the equations that couple all the dipole moments in a cluster to the field of the incident wave (4) and to each other. These equations, known as the coupled-dipole equation, have the following form:
The second term on the right-hand side of Eq. (5) 
Here the Greek indices stand for the Cartesian components of vectors, and A(x) and B(x) are complex functions of a real scalar argument. In the MFA the dipole moments are given by
where the factor Q is defined as
and ͗ ͘ denotes ensemble averaging over all possible distances r i Ϫ r j between distinct monomers (i j) in a cluster. Note that for an ensemble of spherically symmetrical (on average) clusters, the dependence of Q on E 0 vanishes, since the off-diagonal elements of Ŵ turn out to be zeros after the averaging.
It should be noted that the MFA is always correct in the case of a homogeneous (on average) continuous medium, since in this case Eq. (9) is the eigenvector of the operator of translation. Clusters, however, do not possess translational symmetry. So we can say that the MFA neglects the geometrical structure of clusters for the purpose of the calculation of phases of dipole moments, effectively replacing a cluster by a continuous medium, but it does consider the geometry for calculating amplitudes of dipole moments.
In principle, the MFA allows one to take into account all the orders of the multiple scattering. If the multiple scattering is not essential, as in the limit ͉␣w n ͉ Ӷ 1 (offresonance excitation), the MFA coincides with the first Born approximation.
B. Multiple Scattering
Below we consider two different ensembles of clusters, monodisperse and polydisperse. In monodisperse systems the number of particles is the same for all clusters, whereas it is different for polydisperse systems.
For fluctuations in light scattering from a monodisperse ensemble of clusters, the value of the parameter (N Ϫ 1)Q Ϸ NQ, appearing in Eq. (9), is not important because it is the same for all clusters. Since Q is defined as an ensemble average, we could generalize its definition to the case of a polydisperse ensemble. We can think of a polydisperse ensemble as a set of monodisperse subensembles with different N. Each of these subensembles would be characterized by its own value of NQ, and, if NQ depends on N, it would clearly contribute to the fluctuations. This fact would complicate consideration of fluctuations of scattered light in a polydisperse ensemble of clusters.
There are two important cases in which we can neglect this effect and consider NQ as independent of N and the same for all clusters. The first trivial case corresponds to the limit of small N␣Q, where we can use the first Born approximation (simply by setting Q ϭ 0). Since Q depends on N, the above condition is actually N dependent and can be, in principle, violated for very large N, even if ␣ is very small. Thus a very thick layer of a fairly transparent material may become eventually optically dense. But in many cases this condition can be well fulfilled for nonresonant excitation of submicron clusters.
The second condition is not as trivial. As was pointed out by Berry and Percival, 8 NQ does not depend on N for D Ͻ 2. A physical interpretation of this effect is that a cluster with D Ͻ 2 stays geometrically transparent when N increases toward infinity. This fact can also be understood from a mathematical point of view. 8 We first rewrite the definition (10) of Q in terms of the pair correlation function, p 2 (r), by using the expression (6) for Ŵ :
where A and B are defined by Eqs. (7) and (8) . After integrating over and , we have
Since p 2 (r) ϰ 1/N for small r, we can state that NQ does not depend on N if the integral in Eq. (12) 
which clearly converges for D Ͻ 2 (and diverges if D Ͼ 2). This means that the value of NQ is defined only by the form of the asymptote (3), which is universal and does not depend on R c and, consequently, on N. We can say that the role of multiple scattering does not increase with N, for D Ͻ 2. Thus, if the multiple scattering were negligible for small clusters (as it is in the case of off-resonance excitation), it would stay negligible for large clusters, no matter how many particles they contain. For the resonant excitation, multiple scattering can be significant for small clusters, even if there are only two monomers. But as N grows, the impact of multiple scattering remains the same for D Ͻ 2.
Since the cluster-cluster aggregates and, in particular, the smoke clusters have D ϭ 1.78 Ͻ 2, the quantity NQ does not depend on N. But this is not the case for trivial (nonfractal) clusters, with D ϭ 3.
C. Scattering Cross Section
We can use the solutions to the coupled dipole equation (5) to write general expressions for the scattering amplitude and the optical cross sections in terms of dipole moments d i (see, for example, Refs. 10 and 15). For a single cluster built of N particles the expression for the scattering amplitude f(s) is
where s is a unit vector in the direction of scattering and the wave vector of the scattered wave is kЈ ϭ ks.
In the MFA this expression is simplified with the use of Eq. (9) to the form (15) where q ϭ k Ϫ kЈ. The differential scattering cross section is defined by
where (E 0 , s) denotes the angle between E 0 and s. As mentioned in Subsection 3.B, the value of (N Ϫ 1)Q Ϸ NQ is the same for all clusters and does not depend on N for D Ͻ 2. Therefore the whole factor
is the same for all clusters. In contrast, the factor ͉͚ iϭ1 (16) is random and can vary from cluster to cluster.
When considering fluctuations of scattered light by different random clusters, we do not need to keep a factor that is common to all of them. Therefore it is convenient to define the intensity of the light scattered by some individual cluster as
where is the azimuthal angle and the absolute value of q depends on the scattering angle as
In the case of scattering of a depolarized wave, we must replace sin 2 [ (E 0 , s)] by ͗sin 2 ͘ ϭ 1 Ϫ (1/2)cos 2 . Though there still is a dependence on the scattering angle in the prefactor of Eq. (16), the dependence on the azimuthal angle is eliminated after such averaging.
The intensity (17) coincides with the real intensity of the scattered light up to some function of in the case of a depolarized incident wave and up to some function of and for a polarized wave. Note that the definition of the intensity in Eq. (17) is suitable only for the calculation of relative fluctuations, i.e., for the dispersion of scattered intensity divided by the average scattered intensity. If we want to calculate absolute fluctuations, we need, of course, to keep all the prefactors.
In this paper we focus on relative fluctuations. The absolute value of fluctuations can always be reconstructed, provided that the average scattered intensity is known.
FLUCTUATIONS OF LIGHT SCATTERED BY FRACTAL CLUSTERS
A. General Relations Below we consider the intensity of light scattered by some number of fractal clusters randomly distributed in some volume. The distance between clusters is supposed to be large compared with the wavelength of the incident radiation, , and the distribution of clusters in space is sup-posed to be random and uncorrelated. Then we can add the intensities of light scattered by each cluster, rather than the amplitudes.
The average scattered intensity ͗I͘ is defined as
where I k (, ) is the intensity scattered by the kth cluster; M is the total number of clusters that scatter the light; , as above, is the angle between the direction of the incident wave vector k and the direction of scattering; and is the azimuthal angle. With the use of Eq. (17) we can rewrite Eq. (19) as
where N k is the number of monomers in the kth cluster and r i (k) is the coordinate of the ith monomer in the kth cluster.
For an ensemble of spherically symmetrical (on average) clusters, the dependence of ͗I͘ on is weak (it vanishes for an infinite ensemble); therefore, we will use the 
The actual value of M depends on the scheme of the experiment. In one possible setting the scattering volume is small enough (e.g., as a result of focusing a laser beam) and contains only one cluster at a time. Because of the random motion of clusters, the volume contains different clusters in different moments of time. In this case one can register scattered radiation for some large period of time (excluding the periods when the volume contains no clusters at all and the signal is zero) and calculate the time-averaged intensity and its standard deviation, which coincides with I . If the volume contains, on average, M clusters at a given time, the measured standard deviation would be I (M) . Here we focus on the calculation of the relative dispersion I /͗I͘. As will be shown numerically in Subsection 4.B, this value is universal for CCA clusters in a wide range of scattering angles. We can use relation (22) to find the average number of clusters in the scattering volume (and, hence, the number density of clusters). 
B. Monodisperse Clusters
where r ij ϭ r i Ϫ r j , and only distinct monomers belonging to the same cluster are considered, i.e., i j (the superscripts in r i and r j are omitted). Now we can use the function p 2 (r) to calculate ͗exp(iq • r ij )͘:
After the angular integration is performed, Eq. (24) simplifies to
In the case D Ͻ 2 and q ӷ R c Ϫ1 , the integral (25) converges at the distances for which the asymptote (3) (But one should keep in mind that for comparable with the lattice unit, clusters become essentially discrete systems, and the description based on a smooth function p 2 is no longer valid.)
The theoretical asymptotes (26) and (27) 
where r ijkl ϭ r ij Ϫ r kl , i j, k l, and any of the pair of indices (i, j) can coincide with any of the pair (k, l).
It is easy to show that ͗exp(iq • r ijkl )͘ is expressed through the four-point correlation function, p 4 (r), which is defined as the probability density of finding the value of r ijkl to be equal to r, exactly in the same form as that in Eq. (25), with r ij replaced by r ijkl and p 2 replaced by p 4 .
Whereas the pair correlation function p 2 is well investigated, there is little information on the four-point correlation function p 4 . We found numerically that for small r, p 4 (r) scales like r ␤ , where ␤ is very close to D. Consequently, the integral of the type of Eq. (25) would diverge if we replaced the actual p 4 (r) by its small-r asymptote. This means that we require the exact form of p 4 (r) to calculate ͗I 2 ͘. We will report more detailed results on p 4 (r) elsewhere.
We now turn to numerical results for fluctuations. We calculated the value of I /͗I͘ as a function of scattering angle for the ensemble of 40 CCA clusters, with N ϭ 10,000 monomers in each cluster. In this calculation we allowed to change from 0 to 2, so that the observer makes a whole revolution from the forward direction of scattering to the backward direction and back to forward. In the usual spherical system of coordinates, this corresponds to varying from 0 to , then changing to ϩ and varying it from back to 0. Note that for a finite ensemble of random clusters the result is not necessarily symmetrical with respect to the point ϭ . However, it must be symmetrical for an infinite ensemble of spherically symmetrical (on average) clusters; this follows from the fact that neither I nor ͗I͘ can depend on in this case.
The results of the calculations are presented in Fig. 3 . We first consider the domains of where the asymptote (26) 
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It should be noted that for a finite ensemble I /͗I͘ is a random quantity itself. Since there is no noticeable systematic dependence on in the domain defined above, we can perform additional averaging of I /͗I͘ over . The results for this averaging are (up to the third significant figure) 0.98 for ϭ 10.5, 1.00 for ϭ 20.5, 0.96 for ϭ 50.5, and 1.01 for ϭ 100.5.
The numerical data suggest that the value of relative fluctuations of the intensity of light scattered by CCA clusters is very close to unity and statistically independent of the scattering angle as long as lies in the domain defined above. This is true for a wide range of wavelengths . However, for very large , the domain of shrinks and becomes essentially empty when ϭ 2ͱ2R rms Ϸ 9R rms . For very small the lattice structure (or some characteristic interparticle distance in off-lattice clusters) would become of importance, leading to the appearance of sharp interference maxima and minima in the angular distribution of the intensity of scattered light. Now we turn to the domain of small q (or, equivalently, small scattering angles). If q is much smaller than R c Ϫ1 , we can expand the exponent in Eq. (17) so that the expression for the intensity scattered by the kth cluster up to the first nonvanishing power of q takes the form
where
and q is a unit vector in the direction of q. We also used the limit of large N, namely, we put N(N Ϫ 1) ϭ N 2 .
Note that ͗ k 2 (q )͘ ϭ R rms 2 /3, so that Eq. (30) coincides with Eq. (27) after the averaging. However, an individual cluster can be not spherically symmetrical, which means that p k 2 (q ) can depend on the direction of q. One can also use expression (30) to find ͗I 2 ͘ and, eventually, I . The final result is
Because of spherical symmetry, the dependence on the direction of q vanishes in the average quantities ͗ 
C. Polydisperse Clusters
We now consider a polydisperse ensemble of clusters, i.e., an ensemble containing clusters with different N. We first look at the case of large q, when the condition q ӷ R c Ϫ1 is fulfilled for almost every cluster in the ensemble.
We can calculate ͗I͘ by performing an additional averaging over N in Eq. (23). In the case of large q this averaging leads to
It is natural to assume that the intensity scattered by some individual cluster I k can be represented as
where N k and J k are statistically independent random variables and
Then an ensemble averaging in Eq. (33) results in Eq.
. For a monodisperse ensemble the J k coincide with the I k up to some constant, common for each cluster. Therefore the relative dispersion, J /͗J͘, coincides with the relative dispersion of I in a monodisperse ensemble.
Further, we can use Eq. (33) to calculate the relative dispersion of scattered intensity in a polydisperse ensemble in terms of that in a monodisperse ensemble and the dispersion of the random variable N. Straightforward algebra yields
From the numerical results of Subsection 4.B, we know that J /͗J͘ is very close to unity. Substituting this value into Eq. (35), we obtain
It follows from formula (36) that I /͗I͘ is always close to unity, even for very polydisperse ensembles. The value of N /͗N͘ cannot be much larger than 1 for any physically reasonable distribution of N. For example, if N is uniformly distributed from 0 to N max , this value is equal to 1/ͱ3. If the distribution has two sharp peaks of equal height near N 1 and N 2 , it is equal to ͉N 1 Ϫ N 2 ͉/(N 1 ϩ N 2 ). (The value of N /͗N͘ can be very large in a situation in which the distribution of N has a maximum near N ϭ 0 and decays faster than exponentially with N.)
In order to verify Eq. (35), we calculated I /͗I͘ for a polydisperse ensemble of CCA clusters with N /͗N͘ ϭ 0.37 described in Section 2 for two different values of . After additional averaging over angles (as described in Subsection 4.B), the results obtained are as follows:
I /͗I͘ ϭ 1.109 for ϭ 10.5 and I /͗I͘ ϭ 1.087 for ϭ 20.5. The results following from the theoretical formula (35) and the corresponding results for a monodisperse ensemble ( J /͗J͘) are 1.109 and 1.120, respectively. As we can see, the results match closely. For the case of ϭ 10.5, the difference is only in the fifth figure.
The results for the polydisperse ensemble also confirm indirectly the idea that I /͗I͘ is close to unity for any monodisperse ensemble, independent of N (provided that the condition for q is fulfilled). We could think that the result obtained numerically in Subsection 4.B concerns only clusters with N ϭ 10,000 and that it is close to unity by chance. But in this subsection we confirmed this result for an ensemble with ͗N͘ ϭ 5000. Now we turn to the domain of small q, where the above consideration is not valid. Experimentally, this domain of q can always be realized by a look at the forward scattering. We can use Eq. (29), with N replaced by N k for the intensity scattered by the kth cluster. Further, since all N k are different, we do not need to consider the term proportional to q 2 in order to obtain the main contribution to I /͗I͘, that is,
It is easy to verify that the first correction to this formula is also proportional to q 2 . Thus we see that for the forward scattering, fluctuations of the number of monomers in clusters define fluctuations of the scattered light, whereas, for large q, the differences in the geometrical structures of clusters play a decisive role. This is natural since in the MFA, the forward scattering is always coherent.
FLUCTUATIONS OF LIGHT SCATTERED BY TRIVIAL CLUSTERS
It is interesting to compare the fluctuations of light scattered by fractal and by trivial (D ϭ 3) clusters. For this purpose we generated on a computer the ensemble of CPHS clusters described in Subsection 2.B. In this section we limit ourselves to consideration of only monodisperse ensembles of clusters.
A. Numerical Results
The results of numerical simulations of I /͗I͘ for the ensemble of 40 CPHS clusters are shown in Fig. 4(a) . As in Section 4, the scattering angle varies from 0 to 2. First, we notice the strong and systematic dependence of I /͗I͘ on . For fractal clusters this dependence looks much like a statistical noise (cf. Fig. 3 ). Second, for most angles the value of I /͗I͘ is significantly less than 1 and decreases when grows. This dependence on is anticipated, because, for many monomers in the volume 3 , a cluster becomes optically similar to a dielectric sphere, and its random structure is of no importance. But this is not the case for fractal clusters; they are geometrically different and random in all scales up to the maximum scale R c . As seen from Fig. 3 , I /͗I͘ for fractal clusters is of the order of 1, even for ϭ 100.5. But for CPHS clusters I /͗I͘ is much less, of the order of 10 Ϫ2 for ϭ 50.5.
The second feature is the presence of sharp maxima in I /͗I͘ when it becomes of the order of 1. These maxima occur for the angles at which ͗I()͘ has minima [see Fig.  4(b) ]. We explain this in more detail in Subsection 5.B.
Note also that I /͗I͘ does not turn exactly to zero when ϭ 0 and 2. This is because the ensemble of the CPHS clusters is not exactly monodisperse (see Subsection 2.B).
B. Theoretical Results
The problem of fluctuations can be solved exactly for spherically symmetrical random clusters, provided that the positions of monomers in clusters are absolutely uncorrelated. This is not the case for the CPHS clusters, because in the CPHS model, monomers cannot approach each other closer than the unit distance, which brings about short-range correlations. It is clear that the model of totally uncorrelated clusters (random gas) is not exact, since monomers act like hard spheres during aggregation. However, theoretical results for uncorrelated clusters help to explain the main features shown in Fig. 4 .
We consider a random gas of uncorrelated particles inside a spherical volume of radius b. The ensembleaverage quantities ͗exp(iq • r i )͘, ͗exp(iq • r ij )͘, and ͗exp(iq • r ijkl )͘ can be obtained from straightforward integration and are as follows: 
and the expression for I /͗I͘ is (in the limit of large N) If (qb) turns to zero for some value of q, this means that I /͗I͘ has a maximum and is of the order of 1 for this q. At the same time the average scattered intensity (41) has a minimum.
The function (x) turns exactly to zero at tan x ϭ x. The first root of this equation is x Ϸ 1.43. The corresponding scattering angle is defined by cos ϭ 1 Ϫ 0.26(/b) 2 . This equation has a solution only if Ͻ 2.8b. In Fig. 4 we have sharp maxima in I /͗I͘ for ϭ 10.5 and ϭ 20.5, but there are no sharp maxima for ϭ 50.5. For CPHS clusters, b ϭ 14.2, and the critical value of is 39.7. We see that ϭ 50 exceeds the critical value, and therefore the corresponding curve in Fig. 4 has no sharp maxima. Now we analyze expression (42) in more detail. First, when N → ϱ, this expression assumes the form
As one could expect, the relative fluctuations are proportional to 1/ͱN. In order to obtain Eq. (43), we need to require that N 2 ӷ 1. It is important how this condition is expressed in terms of the density of monomers in clusters (where N ϭ 4b 3 /3). By using Eq. (38), we find that
and the condition is always fulfilled if qb Ӷ 1, since (0) ϭ 1. Note that in order to derive relations (44) and (45), we assumed that tan(qb) qb and that sin(qb) and cos(qb) ϳ 1. As discussed above, if tan(qb) ϭ qb, then (qb) turns exactly to zero and the condition N 2 ӷ 1 cannot be fulfilled.
The inequalities show that in order to observe the 1/ͱN dependence for the fluctuations, one needs to have many monomers in the volume q Ϫ3 . This condition depends on the value of qb and is stronger when qb ӷ 1. We want to emphasize that for fractal CCA clusters we never can obtain the 1/ͱN dependence for relative fluctuations (see, for example, the curve in Fig. 3 for ϭ 100.5). The reason is that fractal clusters are disordered on all scales up to the maximum scale R c , whereas trivial random clusters become homogeneous on scales larger than 1/ͱ 3 . Now we turn again to the nature of the sharp maxima in I /͗I͘ that are seen in Fig. 4(a) . As mentioned in Subsection 5.A, these maxima coincide with the diffraction minima of the average scattered intensity. The reason for the diffraction minima is that within the MFA and for certain scattering angles, the electric fields produced by monomers in a cluster almost exactly compensate each other on account of interference. As a result, the scattered field for these scattering angles is produced, in fact, by a very few monomers, rather than by the whole cluster. This results in the strong relative fluctuations.
In conclusion, we note that the theoretical expression (42) does not accurately fit the curves shown in Fig. 4(a) , which were obtained from the numerical calculations for CPHS clusters. But it does fit the corresponding curves calculated numerically for totally uncorrelated random clusters (the results are not shown). This is explained by the above-mentioned fact that CPHS clusters are not absolutely uncorrelated, as a result of the repulsion of hard spheres at small distances.
DISCUSSION
The numerical and theoretical results obtained in Section 4 suggest that measuring fluctuations of the scattered light can provide additional valuable information about the nature and the properties of fractal pollutants in the atmosphere. One can use additional equations involving fluctuation characteristics to extract unknown parameters, such as the distribution of clusters over sizes, the average number of monomers in a cluster, and the density of clusters.
The fractal dimension of clusters and the average density of the material from which the clusters are built (e.g., soot) can be determined by measurement of the angular dependence of the average scattered intensity. However, these measurements would give no information on the degree of polydispersity of the clusters, their sizes, and the number of monomers that they contain.
We emphasize that the source of fluctuations studied in this paper is the random nature of fractal clusters. We did not consider such factors as atmospheric fluctuations, laser fluctuations, and broad mixtures of aerosols, which would play an important role in direct applications in the atmosphere. However, we can outline some possible schemes of measurements based on the geometrical properties of clusters.
By measuring fluctuations of the scattered light in the direction close to forward, one can obtain, according to Eqs. (22) and (37), the value of
where M is the average number of clusters scattering the light. By measuring the same quantity at large scattering angles, one obtains the value of
The quantity M can be excluded from these two expressions, so that only one expression remains, which provides some information about the distribution of N. Further, by adopting some theoretical distribution of N, one can calculate its parameters, such as the mean and the dispersion. This, together with data on the average scattered intensity, can be used for the calculation of other parameters of the clusters. This is only one of the possible ways in which fluctuation measurements can be employed. Another possibility is to measure fluctuations at some fixed scattering angle and to increase gradually until the dispersion begins to decrease (at Ϸ 9R rms ; see the discussion at the end of Subsection 4.B). This can help to determine a characteristic geometrical size of clusters (see Subsection 4.B). In general, it is important that measurements of fluctuations provide additional relations between different parameters describing the clusters; these relations can be useful in a situation wherein the number of unknown parameters is larger than that of equations.
To summarize, we have shown that there are principal differences between fluctuations of light scattered by fractal and nonfractal (trivial) clusters. The main feature is that fluctuations in light scattering by fractals are typically much larger. The other is the dependence on the number of particles, N, in a cluster: Whereas for trivial clusters one expects the familiar 1/ͱN dependence (with certain limitations discussed in Subsection 5.B), this is not the case for fractal clusters, for which the 1/ͱN dependence can never be reached.
